
Distorted probability generated by triangular norm
Aoi Honda and Yoshiaki Okazaki
Kyushu Institute of Technology

680-4 Kawazu, Iizuka 820-8502, JAPAN
email: aoi@ces.kyutech.ac.jp

Abstract– A new class of fuzzy measure generated
by triangular norm presented by 2 parameter, which
is called (λ, p)-fuzzy measure, is proposed. It is a
distorted probability and also a generalization of λ-
fuzzy measure. Consequently, it is readily-treatable
and cover wide range of fuzzy measures, and it also
encompasses possibility measure. We propose also the
method of identification of fuzzy measures using pro-
posed class.
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I. Introduction

Fuzzy measures, which is nonadditive, can be used to ex-
press interactions between items that are not expressible
by additive measure. Several studies are being done on
their application in variety of field such as analysis of sub-
jective evaluation problem, decision-making support and
pattern recognition.
When data is collected as fuzzy measures in the real

world, fuzzy measure are rarely all given as data, making
it necessary to estimate the measures of whole events from
partial known data. This is called the problem of identify-
ing fuzzy measures. To identify fuzzy measures, they can
be restricted to a certain class, and methods using λ-fuzzy
measure, χ-fuzzy measure and distorted probability have
been proposed [1, 4—6]. These each methods however have
some problems.
In the methods using λ-fuzzy measure or χ-fuzzy mea-

sure, we have to only estimate a parameter λ or χ. It
is simple, but we can not express a multiplier effect and
cancel effect, in other words, superadditive and subaddi-
tive at a same time using one parameter λ or χ. In the
methods using distorted probability, we can express a wide
range of fuzzy measures which is also even superadditive
in some parts and subadditive in some parts at a same
time. But to identify using distorted probability, we have
to estimate a combination of a probability measure and a
scaling function. It is vexatious complication.
In this paper, we propose (λ, p)-fuzzy measure which

has two parameters. This fuzzy measure can be express
superadditive and subadditive at a same time with one pair
of the parameter (λ, p). It also contains λ-fuzzy measures
and possibility measures. We propose an identifying fuzzy
measures using a classified class of (λ, p)-fuzzy measures,
and verify its feasibility. Moreover we discuss on fuzzy
measures generated by triangular norm.

II. Preliminaries

In this section, we introduce some definitions. Through-
out this paper, we consider a finite universal set X :=
{1, 2, . . . , n}, n > 1, and 2X denote the power set of X.

Definition 1 If a set function v : 2X → [0, 1] satisfies
v(∅) = 0, v(X) = 1 and for any A,B ∈ 2X , v(A) ≤ v(B)
whenever A ⊆ B, v is calld a fuzzy measure.

Definition 2 If a fuzzy measure v on 2X satisfies that for
any A,B ∈ 2X satisfying A ∩B = ∅,

v(A ∪B) = v(A) + v(B) + λv(A)v(B), −1 < λ <∞,

then v is called a λ-fuzzy measure.

Definition 3 ([7]) If for fuzzy measure v on 2X there
exists a χ such that

χ ≥ 1− mini∈X v({i})P
i∈X v({i})

,

and

v(A) = χ|A|−1
ÃX
i∈A

v({i})
!

holds for any A ∈ 2X , where |A| is the number of elements
of A, then v is called a χ-fuzzy measure.

Definition 4 If a fuzzy measure v on 2X satisfies that for
any A,B ∈ 2X ,

v(A ∪B) = max{v(A), v(B)},

then v is called a possibility measure.

Definition 5 If a set function P : 2X → [0, 1] satisfies
that for any A,B ∈ 2X satisfying A ∩B = ∅,

P (A ∪B) = P (A) + P (B),

then P is called a probability measure.

Definition 6 ([4], cf. Sec. 2.2.9 of [8] and Sec. 3.3
of [11]) If for a fuzzy measure v on 2X , there exist
a probability measure P and a nondecreasing function
f : [0, 1]→ [0, 1] such that v(A) = f◦P (A) for any A ∈ 2X ,
then v is called a distorted probability.
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III. (λ, p)-fuzzy measure

In this section, we propose (λ, p)-fuzzy measure and
show its properties.

Definition 7 Let v be a fuzzy measure on (X, 2X). If v
satisfies that for any A,B ∈ 2X satisfying A ∩B = ∅,

v(A ∪B) = p
p
v(A)p + v(B)p + λv(A)pv(B)p,

0 < p ≤ ∞ and −1 < λ <∞, then v is called a (λ, p)-fuzzy
measure.

Proposition 8 The λ-fuzzy measure is a (λ, p)-fuzzy
measure with p = 1. The possibility measure is a (λ, p)-
fuzzy measure with p =∞.

Proposition 9 The (λ, p)-fuzzy measure is distorted
probability.

Proof Putting P (A) := log(1+λ) (1 + λv(A)p) and

f(x) :=
p

r
(1 + λ)x − 1

λ
,

we have v(A) = f ◦ P (A) for any A ∈ 2X .

We show graphs of P (A), λ = 2, p = 0.5, 1, 2 and 3 (Fig.
1), and f(x), λ = 3, p = 1000 (2). As Fig 2 shows, the
graph of f(x),λ = 3, p = 2 is both convex at some interval
and concave at some interval.

p = 0.5

p = 1

p = 2

p = 3

O v(A)

P (A)

Fig. 1. Graph of P (A),λ = 2

Proposition 10 Let v be a (λ, p)-fuzzy measure. v can
be both superadditive for some A,B ∈ 2X and subadditive
for some A,B ∈ 2X .

Proof For example, putting p = 2, we have v(A ∪ B) ≥
v(A)+v(B) if λv(A)v(B) ≥ 2 and v(A∪B) ≤ v(A)+v(B)
if λv(A)v(B) ≤ 2.

O x

f(x)

Fig. 2. Graph of f(x),λ = 3, p = 1000

IV. Generate distorted probability by
triangular norms

In this section, we discuss about the generation of the
fuzzy measure using triangular norm.

Definition 11 If a operation T : [0, 1] × [0, 1] → [0, 1]
satisfies

(1) T (0, 0) = 0, T (x, 1) = x for any x > 0,
(2) x ≤ y implies T (x, z) ≤ T (y, z),
(3) T (x, y) = T (y, x) and
(4) T (x, T (y, z)) = T (T (x, y), z),

then T is called triangular norm.

Definition 12 If a operation S : [0, 1] × [0, 1] → [0, 1]
satisfies

(1’) S(1, 1) = 1, S(x, 0) = x for any x < 1,

(2), (3) and (4), then S is called triangular conorm.

For a triangular norm T , S(x, y) := 1− T (1− x, 1− y) is
a triangular conorm and called a dual of T .

Proposition 13 ([9]) If a triangular norm T satisfiles
that x → a implies T (x, y) → T (a, y) for any y ∈ [0, 1]
and that y < z implies T (x, y) < T (x, z) for any x ∈ [0, 1],
then there exists some functions ϕ : [0, 1] → [0, 1] such
that for any x, y ∈ [0, 1],

T (x, y) = ϕ−1(ϕ(x)ϕ(y))

holds.

ϕ(x) is called a multiplicative generating function of a tri-
angular norm. Using by generating function ϕ(x), we can
also generate triangular conorms .

Proposition 14 Let ϕ(x) be a multiplicatively generat-
ing function of a triangular norm T and S be the dual of
T . Then

S(x, y) = ψ−1(ψ(x)ψ(y)),

where
ψ(x) := ϕ(1− x),
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is a triangular conorm and dual of T .

Proposition 13 and 14 means that we can generate trian-
gular norms and conorms choosing appropriate generating
functions.
It is well known that triangular conorms are concerned

with fuzzy measures [2]. We can generate distorted prob-
ability using the similar way of the above.

Proposition 15 If for a fuzzy measure v, there exists an
η(x) which is a nonincreasing or a nondecreasing function
on [0, 1], η(0) = 1 and η(1) > 0 such that

v(A ∪B) = η−1(η(x)η(y)),

where x := v(A), y := v(B), then v is a distorted proba-
bility.

Proof We have v(A ∪ B) = S(v(A), v(B)) = η−1((ψ ◦
v(A))(ψ◦v(B))), which implies η◦v(A∪B) = (η◦v(A))(η◦
v(B)). Putting b := η(1) and P (A) := logb ◦η ◦ v(A),
we have P (A ∪ B) = P (A) + P (B) which means P is a
probability measure and we can represent

v(A) = (logb ◦η)−1 ◦ P (A) = f ◦ P (A),

where f(x) := (logb ◦η)−1(x). And we have f(0) = 0,
f(1) = 1 and f 0(x) ≥ 0, which imply v is a distorted
probability.

In the case of distorted probabilities, differently from trian-
gular norms and conorms, η is not necessary [0, 1]→ [0, 1].
Using Proposition 15, we can generate fuzzy measure
which is distorted probability.

Example 16 we obtain (λ, p)-fuzzy measure which is a
distorted probability.
Put η(x) := λxp + 1, 0 < p,λ > −1. We have η(0) =

1, η(1) = λ + 1 > 0 and η(x) is a a nonincreasing or
a nondecreasing function on [0, 1] since η0(x) = λpxp−1.
Then we obtain

η−1(η(x)η(y)) = η−1(η(x)η(y))

= p
p
xp + yp + λxpyp.

Therefore a fuzzy measure which satisfies

v(A ∪B) = p
p
v(A)p + v(B)p + λv(A)pv(B)p,

λ > −1, 0 < 0 ≤ ∞ is a distorted probability, and we
obtain P (A) := logλ+1(λv(A)

p + 1) and

f(x) := η−1 ◦ (log1+λ)−1(x) =
p

r
(λ+ 1)x − 1

λ
.

Example 17 Put η(x) := 1 +
λx

1 + x
, − 32 < λ < 1,λ 6= 0.

We have η(0) = 1, η(1) = 1 + λ
2 > 0 and η(x) is a a

nonincreasing or a nondecreasing function on [0, 1] since
η0(x) = λ

1+x2 . Then we obtain

η−1(η(x)η(y)) = η−1(η(x)η(y))

=
x+ y + 2xy + λxy

1− xy − λxy .

Therefore a fuzzy measure which satisfies

v(A ∪B) = v(A) + v(B) + 2v(A)v(B) + λv(A)v(B)

1− v(A)v(B)− λv(A)v(B)
,

λ > −2 is a distorted probability, and we obtain P (A) :=
log1+λ

2

³
1 + λv(A)

1+v(A)

´
and

f(x) :=

¡
1 + λ

2

¢x − 1
λ−

¡
1 + λ

2

¢x
+ 1

.

V. Identification of fuzzy measures

In this section, we verify the feasibility of the identifying
using (λ, p)-fuzzy measure by comparing other methods.
Let X := {1, . . . , n} be a set of items. Suppose that the
fuzzy measures of partial events K ( 2X are given, and
that it has the value v(A), A ∈ K. We wish to minimize
squared errors of identification results relative to true val-
ues (least-squares estimation).
Identifying fuzzy measures using (λ, p)-, λ- or χ-fuzzy

measure means estimating parameters (λ, p), λ or χ. Thus,
let v̄ be a estimation of v, then the parameters that mini-
mizes X

A∈K
(v(A)− v̄(A))2.

To determin parameters we use Newton method.
IfK does not contain all singletons in which case, estima-

tion is still possible, λ is estimated and used to determine
measures of unknown singletons, which are used along with
the estimated value of parameters for identification.

A. Data used

Data was collected using a questionnaire as follows:
The subject was asked to name some product s/he is

interested in obtaining, along with four evaluation items
s/he would consider when making a selection. The sub-
ject was then asked to rate the degree to which s/he would
likely purchase the product when only one item, two items,
three items, and all four items were satisfactorily provided.
A personal computer, for example, may have the four
evaluation items of design, functions, stability and brand.
When the computer only has a high degree of design, it
means that the other items are not provided satisfactorily.
Subjects were asked to give their ratings.
The four items are denoted 1, 2, 3 and 4 and nor-

malized so the v(X) = 1. It was assumed that
v({1}), v({2}), v({3}), v({4}), v({1, 2}), v({3, 4}), v({1, 2, 3})
and v(X) are known; there were used to identify
remaining data values. The unknown data consist of
v({1, 3}), v({1, 4}), v({2, 3}), v({2, 4}), v({1, 2, 4}), v({1, 3, 4})
and v({2, 3, 4}).
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B. Results and discussion

Results of identification obtained from the three meth-
ods and the means of the sums of squared errors are pre-
sented in Table I. Squared errors when known data was
replaced by identification results (Err1) and those when
original known data was used (Err2) are both presented.

Err1 =
1

20

20X
j=1

X
A∈2X

(v(A)− v̄(A))2

and

Err2 =
1

20

20X
j=1

X
A∈2X\K

(v(A)− v̄(A))2,

where v̄ is the estimated value of v.

TABLE I

Squared errors of estimated values

Estimation λ-fuzzy χ-fuzzy (λ, p)-fuzzy
Err1 0.0922 0.0874 0.0434
Err2 0.0650 0.0602 0.0337

While fairly satisfactory identification results were pro-
duced with all of the methods tested in the present case
study, the method using (λ, p)-fuzzy measure produced the
best results. In term of the number of best identification
based on squared error Err1 among the 20 data samples,
14 were by (λ, p)-fuzzy measures, 4 were by λ-fuzzy mea-
sures and 2 were by χ-fuzzy measures. When based on
squared error Err2, we obtained the result same as Err1.
Our proposal produced superior results as compared

to previous conventional methods. It is natural because
(λ, p)-fuzzy measure is expressed by two parameters con-
cerning λ- and χ-fuzzy measures expressed by one param-
eter. It is, therefore, can cover a more wide range of fuzzy
measures. Despite this, (λ, p)-fuzzy measure is treatable
as well as the others. We can say (λ, p)-fuzzy measure ex-
press the subjective decision making better than the other
method.

References

[1] K. Asai, Introduction to fuzzy management sciences, Ohmsha,
1992 (in Japanese).

[2] D. Dubois and H. Prade, A class of fuzzy measures based on
triangular norms, Int. J. General Systems, Vol. 8, pp. 43—61,
1982.

[3] A. Honda, T, Nakano and Y. Okazaki, Subjective evaluation
based on distorted probability, Joint Int. Conf. on Soft Com-
puting and Intelligent Systems and 3d Int. Symp. on Advanced
Intelligent Systems, Tsukuba, Japan, October 2002.

[4] A. Honda and Y. Okazaki, Invariance of fuzzy measure, Bull. of
the Kyushu Inst. of Tech., Pure and Appl. Math., 46, pp. 1—8,
1999.

[5] A. Honda and Y. Okazaki, Identification of fuzzy measures with
distorted probability measures, Journal of Advanced Computa-
tional Intelligence and Intelligent Informatics, Vol. 9, No.5, pp.
467—476, 2005.

[6] I. Okada and H. Tajima, Analytic hierarchy processes with χ-
fuzzy measures, The 12-th fuzzy system symposium, 1996, pp.
875—878 (in Japanese).

[7] I. Okada and H. Tajima, Mathematical properties and identifi-
cations of χ-fuzzy measures, Proceedings of the first workshop
on evaluation of heart and mind, 1996, pp. 35—36 (in Japanese).

[8] Endre Pap, Null-Additive Set Function, Kluwer Academic Pub-
lishers, 1995, Dordrech-Boston-London.

[9] B. Schweizer and A. Sklar, Associative functions and statisti-
cal triangle inequalities, Publ. Math. Debrecen, 8, pp.169—186,
1961.

[10] M. Sugeno and T. Murofushi, Fuzzy Measure, Nikkan-kogyo-
Shinbunsha, 1993, (in Japanese).

[11] Wang and G. J. Klir, Fuzzy Measure Theory, Plenum Press,
1992, New York and London.

[12] J. Yamagami and A. Honda, Fuzzy Measures of Two Dimensions
and Distortion, 8-th workshop of Heart and Mind 2003, pp. 76—
80, 2003.

4

- 1438 -


