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Canonical fuzzy measure on (0, 1]
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Abstract

The fuzzy measure g on the unit interval (0; 1] is called canonical if g is a distortion of the Lebesgue measure. The
characterization of the canonical fuzzy measure is given by the invariance properties against translations. c© 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction

In this paper, we consider the fuzzy measure g on
the unit interval (0; 1] which is de5ned on the algebra
C of all 5nite unions of the half-open intervals of the
form (a; b], 0¡a¡b61. We are concerned with the
fuzzy measure g which is a distortion of the Lebesgue
measure �.

We say that the fuzzy measure g on C is canon-
ical if g is a distortion of the Lebesgue measure
�, that is, there exists a non-decreasing function
f : [0; 1]→ [0; 1] such that f(0) = 0, f(1) = 1 and
g(A) =f(�(A)), A∈C. In other words, the canonical
fuzzy measure g originates in the Lebesgue measure
� through the non-decreasing distortion function f.
Our canonicality is a special case of the distorted
probability due to Chateauneuf [1], Schmeidler [5]
and Yaari [7] (see also [4, 2:2:9]). As mentioned
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by Chateauneuf [1], it is crucial that the distortion
function f is non-decreasing. In the case where f
is continuous and strictly increasing, g is called a
quasi-measure (see [6, 3:3]).

In this paper, we characterize the canonical fuzzy
measure g on (0; 1] by the invariances against trans-
lations. Kruse [3] proved that if g
 is a 
-additive
fuzzy measure on (0; 1] which is invariant against
translations, then g
 can be represented uniquely as
g
(A) =f
(�(A)), where f
(x) =−1=
 + (1 + 
)x=

and � is the Lebesgue measure. We shall investigate
the general conditions which assure that the fuzzy
measure g is canonical.

2. Preliminaries

Let A be a class of subsets of the unit interval
(0; 1] such that ; (0; 1]∈A. In this paper, to consider
the Lebesgue measure on A, we suppose that A is a
subfamily of the Borel �-algebra B, where the Borel
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�-algebra B is the �-algebra generated by all open
intervals in (0; 1].

De�nition 1. The set function g :A→ [0; 1] is called
the fuzzy measure if the following conditions are
satis5ed:
1. g() = 0; g((0; 1]) = 1 and
2. for every A; B∈A with A⊂B, it follows that
g(A)6g(B) (the monotonicity).

De�nition 2. The fuzzy measure g :A→ [0; 1] is
called continuous if for each monotone (increasing or
decreasing) sequence An ∈A satisfying limn An ∈A,
it holds that limn g(An) = g(limn An).

De�nition 3. Let 
 be 
¿−1. The fuzzy measure
g
 is called 
-additive if for each A; B∈A with
A∩B= ∅; A∪B∈A, it holds that g
(A∪B) = g
(A)
+ g
(B) + 
g
(A)g
(B).

De�nition 4. The function f : [0; 1]→ [0; 1] is called
the distortion function if the following conditions are
satis5ed:
1. f(0) = 0; f(1) = 1 and
2. f is non-decreasing.

Let h be a fuzzy measure on A and f be a distor-
tion function. Then the set function g(A) =f(h(A)),
A∈A, is also a fuzzy measure. g is called the dis-
tortion of h with the distortion function f [1,4,
2:2:9; 5,7]. If h is continuous and if f is a con-
tinuous distortion function, then the fuzzy measure
g is continuous. We denote the fuzzy measure g
by g=f ◦ h. In the case where f is strictly in-
creasing, then f is called a T -function (see [6,
3:3]).

De�nition 5. The fuzzy measure g on A is called
canonical if there exists a distortion function
f : [0; 1]→ [0; 1] satisfying that g=f ◦ �, where � is
the Lebesgue measure.

3. Characterization of the canonical fuzzy measure
on (0, 1]

Let C be the family of subsets in (0; 1] of the form

(a1; b1] ∪ (a2; b2] ∪ · · · ∪ (an; bn];

where 06a16b16a26b26 · · ·6an6bn, n= 1; 2;
: : : : That is, the class C is the set of all 5nite disjoint
unions of left-open and right-closed subintervals in
(0; 1]. This family C forms an algebra (Halmos [2,
Chapter 1, Section 4]), that is, the following condi-
tions are satis5ed:
1. if E; F ∈C, then E ∪F ∈C, and
2. if E ∈C, then Ec ∈C.

We introduce two invariances of the fuzzy measure
g against translations which are also shared by the
Lebesgue measure � on (0; 1].

De�nition 6. Let g be a fuzzy measure on C. We say
that g is weakly invariant against translations if for
every subinterval (a; b]∈C, it follows that

g((a; b]) = g((a; b] − a) = g((0; b− a]):

Theorem 1. Let g be a fuzzy measure on C which
is weakly invariant against translations. Then there
exists a unique distortion function f : [0; 1]→ [0; 1]
such that

g((a; b]) = f(�((a; b]));

where � is the Lebesgue measure.

Proof. We set f(x) = g((0; x]). Then f is non-
decreasing since g is monotone. Clearly, we have
f(0) = 0 and f(1) = 1. By the de5nition of the
weak invariance of g, it follows that g((a; b]) =
g((0; b−a]) =f(b−a) =f(�((a; b])). This proves the
theorem.

De�nition 7. Let g be a fuzzy measure on C. We
say that g is strongly invariant against transla-
tions if for every subinterval A= (u; v] and every
B= (a1; b1]∪ (a2; b2]∪ · · · ∪ (an; bn]∈C satisfying
06u6v6a16b16a26b26 · · ·6an6bn, it holds
that

g(A ∪ B) = g(A ∪ [B− (a1 − v)]):

Remark that the right endpoint of the subinterval
A coincides with the left endpoint of the subset B −
(a1 − v) and A∩B= ∅; A∩ (B− (a1 − v)) = ∅.
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Suppose that g is strongly invariant. Then we have

g((a1; b1] ∪ (a2; b2])

= g((a1; b1] ∪ (b1; b2 − (a2 − b1)])

= g((a1; b2 − a2 + b1])

= g((0; (b1 − a1) + (b2 − a2)]):

By the induction, it follows that

g((a1; b1] ∪ (a2; b2] ∪ · · · ∪ (an; bn])

= g

((
0;

n∑
i=1

(bi − ai)
])

:

Theorem 2. Let g be a fuzzy measure on C which
is strongly invariant against translations. Then there
exists a unique distortion function f : [0; 1]→ [0; 1]
such that

g(A) = f(�(A)); A ∈ C:

Proof. We set f(x) = g((0; x]) as in Theorem 1. Then
we have for eachA= (a1; b1]∪ (a2; b2]∪ · · · ∪ (an; bn]
∈C,

g(A) = g

((
0;

n∑
i=1

(bi − ai)
])

=f

(
n∑
i=1

(bi − ai)
)

= f(�(A)):

This proves the theorem.

Denote by B the Borel �-algebra on (0; 1]. B is the
smallest monotone class containing C (see [2, Chapter
1, Section 6, Theorem B]).

Theorem 3. Let g be a fuzzy measure on the Borel
�-algebra B on (0; 1]. Suppose that
1. g((0; x]) = g((0; x)) for every x∈ (0; 1];
2. g is continuous; and
3. g is strongly invariant against translations on C.
Then; there exists a unique continuous distortion
function f : [0; 1]→ [0; 1] such that

g(A) = f(�(A)); A ∈ B:

Proof. If we set f(x) = g((0; x]), then it follows
that g(A) =f(�(A)) for each A∈C by Theorem 2.
We show the continuity of f. For every tn ↓ t in
(0; 1], we have limn(0; tn] =

⋂
n(0; tn] = (0; t]. By the

continuity of g, it follows that g((0; tn]) ↓ g((0; t]),
which implies that f(tn) ↓f(t). This shows the right
continuity of f. For every sn ↑ s in (0; 1], we have
limn(0; sn] =

⋃
n(0; sn] = (0; s). By assumptions 1 and

2, we have f(sn) = g((0; sn]) ↑ g((0; s)) = g((0; s])
f(s), which shows the left continuity of f.

We set D= {A∈B | g(A) =f(�(A))}. Then D is
a monotone class since g is continuous and f is a
continuous function on [0; 1]. Hence we have D=B
by Halmos [2, Chapter 1, Section 6, Theorem B]. This
completes the proof.

De�nition 8. Let g be a fuzzy measure on the alge-
bra A which contains the family {(0; x] | x∈ (0; 1]}.
We say that g is length invariant if it holds that
g(A) = g((0; �(A)]) for every A∈A.

If A=C= the algebra of all 8nite unions of
subintervals (a; b], then g is length invariant if
and only if g is strongly invariant against transla-
tions.

Theorem 4. Let g be a fuzzy measure on the algebra
A as in De8nition 8. Then g is canonical if and only
if g is length invariant.

Proof. If g is canonical, then we have g(A) =
f(�(A)) for A∈A: So it follows that g(A) =
f(�(A)) =f(�((0; �(A)])=g((0; �(A)]), since �(A)
=�((0; �(A)]). Conversely, suppose that g is length
invariant. If we set f(x) = g((0; x]), then it follows
that f(�(A)) = g((0; �(A)]) = g(A), which implies
the canonicality of g.

Example. Let g0 be a fuzzy measure on B the Borel
�-algebra on (0; 1] given by g0(A) = 1 if A is un-
countable, and g0(A) = 0 if A is atmost countable. Let
g(A) = (g0(A)+�(A))=2. Then, g is strongly invariant
against translations on C, and there exists a distortion
function f satisfying g(A) =f(�(A)) for each A∈C.
g is not continuous since g((0; 1=n]) = (1+1=n)=2 does
not converge to 0. Furthermore, for every uncount-
able subset A with �(A) = 0, we have g(A) = 1=2 and
hence g(A) �= f(�(A)). Thus, g is not length invariant
on the Borel �-algebra B.
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