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A NEW INTERPRETATION OF DJOKOVIC’S INEQUALITY
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Dedicated to Professor Ryotaro Sato on his siztieth birthday

ABSTRACT. In view of the convex analysis theory, we give a new interpretation
of Djokovié’s inequality which is an extension of Hlawka’s inequality on a Hilbert
space.

1. INTRODUCTION
Let H be a Hilbert space. Then the following inequality
(1) e+ yll + lly + 2l + llz + 2|l < =l + llyll + llzll + |z + y + ]|

holds for all z,y,z € H (cf. [1], [3]). This is well-known as Hlawka’s inequality and
it has various extensions. In 1963, D. Z. Djokovi¢ [2] showed the following extension.

Theorem D. Let H be a Hilbert space and n, k natural numbers with2 < k <n-—1.
Then

n—2\ « n—2
@ X dmererad< (30 e+ (15)
=1

1<i)i< < <n
holds for all x1,...,x, € H.

In the next year, D. M. Smiley and M. F. Smiley [4] has independently shown that
the same inequality (2) holds on a Banach space which satisfies Hlawka’s inequality
(1). It is easily to see that every Banach space which is isometric to subspace of L;-
space is such a space. However, it seems that it is difficult to determine such a space.
We want to call simply “Hlawka space” such a space, but they call “quadrilateral
space”.

Now, we have the following natural question: What does Djokovié’s inequality
mean, and what does the constants appearing in it represent? The purpose of this
paper is to give an answer to the above problem from the standpoint of the convex
analysis theory.

n
DI
i=1

2. INTERPRETATION

Let X be a (real or complex) Banach space and n a natural number. For
x1,...,p € X and 1 < k < n, set

0k(x1,...,Tn) = Z iy + -+ @, || -

1<ir < <ig<n
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Then {d; : 1 < k < n} constitutes a system of seminorms on the linear space
X @ ® X such that

n—1 n—1
< < <k<n)
(3) (k_l)én_ak_(k_1>51 (1<k<n)
In fact, for any (z1,...,2,) € X ®--- ® X, we have
Ok(z1,...,2pn) = Z iy + -+ 24, ||

1<iy << <n

S Ylel= (27 )aten

1<i1 << <n j=1

IA

and

0(x1y. .y Tpn) > Z Tiy 4+ T,

1<i1 < <ig<n

n—1 I n—1 _(n—1 5 )
E—1 I E—1 Inpll = E—1 n\L1y...,Tn).

Hence the inequality (3) holds. Therefore it will be natural to consider the following
set, say Djokovi¢’s domain:

D(n,k; X) = {(e, B) € R? : 6, < b1 + (36, on X®- - X}

Then Djokovié’s inequality (2) can be rewriten as follows: The point

n—2 n—2
(G22)-G22)
say Djokovi¢’s point, belongs to Djokovié’s domain D(n, k; H) for a Hlawka space
H. Hence if we investigate a geometrical relation between Djokovié’s point and
Djokovic’s domain, then we will obtain a new interpretation of Djokovié’s inequality.
Actually, we will see in the next section that Djokovié¢’s domain for a Hlawka
space H is uniquely determined independent of H and that it is the widest among

Djokovié’s domains for all Banach spaces. Moreover, we know that Djokovié’s point
is the only extreme point of Djokovié’s domain for a Hlawka space.

3. RESULTS AND PROOFS

Let us state in more detail the assertion in the preceding section.
Theorem 1. Let X be a non-trivial Banach space and 1 < k < n. Then

(i) D(n,k; X) is a closed convex subset of R2.

(11) D(lvle) = {(a,,B) € R2 : a+ﬁ > ]-}
(iii) D(n,1;X) ={(e,B) €ER?:a>1 and o+ > 1} forn > 2.
(iv) D(n,n; X) = {(e,B) € R?: @ >0 and a + B> 1} forn > 2.

(v) D(n,k; X) C {(a,ﬂ)eRQ:az (Z:f) and a+ f > (Z:i)}forzs
k<n-1.
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(vi) If X is a Hlawka space, then

D(n,k;X) =3 (e,8) € R? : 0 > n-2 anda+8> ("]
k-1 k-1
for2<k<n-—1.
(vii) If X is a Hlawka space, then <(Z_ f), (Z—;)> is the only extreme
point of D(n,k; X) for2<k <n-—1.

Remark 1. The converse of (vi) is also true. This follows immediately from Propo-
sition 3.

Proof. (i) and (ii) These follow from an easy observation.
(iii) Let (o, 8) € D(n,1;X) and e a unit vector in X. Then

01(e, ~¢,0,...,0) < adi(e,—e,0,...,0) + Bd,(e, —e,0,...,0)
holds and hence 1 < a. Also
01(e,0,...,0) < adi(e,0,...,0) + B, (e,0,...,0)

holds and hence 1 < a+ . Therefore D(n,1; X) C {(a,8) € R*>:a > 1land a+3 >
1}.

Conversely, observe that all points on the semi-lines L; and Ly belong to the
domain D(n,1; X), where

le{(a’ﬂ):a:]" /320}
and
L2={(a,:3) :a+13=1) /BSO}

Since co(L; U Ly) = {(a, ) € R?: a > 1 and a + 8 > 1}, it follows from (i) that
the inverse inclusion holds. Here “co” denotes the convex hull.

(iv) This follows from the same observation as (iii).

(v) Suppose 2 < k < n—1. Let (o, 8) € D(n,k; X) and e a unit vector in X.
Then

ox(e, —e,0,...,0) < adi(e, —e,0,...,0) + B, (e, —e,0,...,0)
holds. Since

n—2

dx(e,—e,0,...,0) =2(k—1>’ d1(e, —e,0,...,0) =2 and 6,(e, —€,0,...,0) =0,

it follows that (Z - f) < a. Also

0x(e,0,...,0) < adi(e,0,...,0) + B6,(e,0,...,0)

n-—1
k-1

-1 ,
follows that (Z 1) < a + (. Consequently, we obtain the desired result.

holds. Since &(e,0,...,0) = ( ) and 61(e,0,...,0) = é,(e,0,...,0) = 1, it
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(vi) Suppose that X is a Hlawka space and 2 < k < n—1. By Djokovié¢’s inequal-

-9 -
ity, we see that ((Z__ 1), <Z_ §)> belongs to Djokovié’s domain D(n,k; X).

This fact implies that all points on the semi-line

= ertia= (07, 02 (22))

also belong to D(n, k; X). Moreover, all points on the semi-line

-1
L={@merp<oars=(} 1)}
also belong to D(n, k; X). In fact, if 3 <0 and z1,...,z, € X, then we have

6k($1, R zn) - ﬁan(wl’ v ,mn)
< > (el + -+ el = Boa(ar, -, z0)
1<ip < <ig<n
n-—1

< (k 3 1)51(x1,...,a:n) — B01(z1,...,Tp)

= <<Z:i) —-,8) 01(x1,...,Tp)

and hence ::1 — (3,8 ) must belong to D(n,k; X). Therefore all points on
L4 belong to D(n, k; X). Then we see from (i) that co(Ls U Ls) C D(n, k; X).

n—2 n—2 n—1
On the other hand, note that (k _ 1) + (k _ 2) = (k _ 1) and hence

n—2

co(L3UL4)={(a,,B)ER2:a2 (k_1> and a+ 8> (Z:i)}

n-—2 n—1
> - ; X).
(k—— 1) and a + (3 > (k—- 1)} C D(n,k; X)
The inverse inclusion follows from (v).
(vii) This follows immediately from (vi). O

Consequently, < (a,8) € R?:a >

The preceding theorem gives an estimate of Djokovié’s domain from above. The
following result gives an estimate from below.

Theorem 2. Let X be a non-trivial Banach space and 2 < k <n —1. Then

(i) {(a,B)ERZ:az (Z:i) and o + 8 > (Z:D} C D(n,k; X) for 2 <
k<
(i) {(a,,@)ERQ;az (n;1> a+pB> (Z:i) and na + (2k — n)B >

n—1 )
C : - <n-1.
n(k_1>} C D(n,k; X) for 5 <k<n-1
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Proof. Let x1,...,2, € X. Then we have

0z, . yTp) = Z ||a:1—|—---+xn—(a:j1+~-~+xjn_k)”
1< < <Jn-k<n
< ) mt

1< <<~k <N

+ > (lmpl e+ )

1€h1<<Jn—kSn

-1
= (:)57,,(331,...,:671) + (nﬁk— 1)51(x1,...,mn).

. n—1 n—1Y) . ) n—1 n
Since <n— K 1) = ( k ), it follows that the point (( K ), (k)) belongs

to Djokovié’s domain D(n, k; X). This implies that all points on the semi-line

s={e@nerta=(""). 02 (})}

also belongs to D(n, k; X). Also since 6 < (Z : 1) 01, it follows that all points on

L={@nera= (1)), 620}
belong to D(n, k; X). Moreover, as observed in the proof of Theorem 1-(vi), all

-1
points on the semi-line Ly = {(a,ﬂ) €eR?:8<0, a+f8= (Z _ 1)} belong to

D(n,k; X). Then we have co(Ls U L5 U Lg) C D(n, k; X). Note that <: _ i) <

(n; 1) if and only if k < g Hence co(Ly U Lg) C D(n,k; X) for 2 < k < g- and

co(L4 U Ls) C D(n,k; X) for —g < k < n —1. Consequently, we obtain the desired
result. 0

the semi-line

Remark 2. Let X be a Banach space, and set
D(X) = D(3,2; X),
Do ={(a,f) € R?:a>1, a+ 3 >2and 3a + 8 > 6},
Dy={(,B)ER?:a>1, a+p>2}.
Then Do C D(X) C Dy from Theorems 1 and 2. Moreover, D(X) = Dy if and
only if X is a Hlawka space from Theorem 1 and the definition of Hlawka space.
We also see that if X = I°(R) (3 < n < 00), then Dy, = D(X). In fact, consider
the following three elements in IX°(R):
z=(-1,1,1,0,0,...), y=(1,-1,1,0,0,...) and 2 = (1,1,-1,0,0,...).
Then the inequality

e +yll + lly + 2l + [z + 2]l < el + llyll + l2I) + Bllz +y + 2|
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can be rewritten by 3a + 8 > 6 and hence D(IZ°(R)) C {(a,8) € R?: 3a + 3 > 6}
holds. On the other hand, since D(I3°(R)) C Dpy holds, it follows that D(I2°(R)) C
Dy and hence D(I°(R)) = Doo. It seems that it is difficult to determine a class of
Banach spaces X on which Dy, = D(X) holds.

The following result shows that a Banach space on which Djokovié’s inequality
holds reduces to a Hlawka space.

Proposition 3. A Banach space X is Hlawka if and only if there exists natural
numbers n and k such that 2 <k<n-1 and

= sz () Spee (73

1<i1<-<ix<n

n
>
i=1
holds for any zi,...,z, € X.

Proof. (i) Necessity. Take n = 3 and k = 2.
(ii) Sufficiency. Let n and k be such that 2 < k < n — 1 and suppose

n—2\ « n—2 -
B Y el s () Skl (05 [T
i=1 i=1

1<i1 << <n
holds for any z1,...,2, € X. We can assume n > 4. Let us consider the case of
T4 =---=x, = 0. Then

(Z:f)gnmu (:25)

n
>
i=1

-9 -2

= (2 =)ol + b + al) + (3l + 22+ 2l
We set
po=#{(t1,.. . k)1 1 <ty < <@g <, |z + -+ @ || = |21 + 22 + 3]}
pi=#{(i1,-. i) 1 1 <t <o < <imy |7+ 3l = gl = 1,2,3),
pa=#{(i1,.. ,ig): 1<y < <@g <, oy + -0 F 2 || = ||z + 22}
p5=#{(i1,...,’ik):1S’i1<"-<ik5n, ||xi1+"'+xik”:||-'I"2+-'133”}7
and
pe =#{(t1,...,i) 1< < < <y @y + -+ 2 || = 23 + 21|},

where # denotes the cardinal number. Then

Yo et

1<i1 < <ig<n
= po ||z1 + 2 + 23| + p1 [l21]| + P2 [|22]| + 3 || 23]}
+ p4 |21 + 2|l + ps5 |22 + 3] + p6 |23 + 21]| -
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Note that
fo RS sy (e
po = (:—3>, ifk23,P1—P2—P3— k—1 pa=ps=pe=|, o]

Hence, if k = 2, then

Z ||$i1+"'+mik”

1<i1 <<ig<n
= (n = 3)(llzall + lz2ll + llzsll) + llex + z2ll + llz2 + 23l + l|l23 + 21

and
(gD OEYEY Vil

Then (*) implies that
21 + zall + |22 + 23]l + |23 + 21]l < [zl + N2l + llesl] + |z + 22 + 25|

holds for any z1,z9,2z3 € X. Therefore X is a Hlawka space. Moreover, if £ > 3,
then

n
D=
i=1

= (n = 2)(llz1]l + llz2ll + llz3ll) + |21 + 22 + 23] -

Z iy + - - + @ |l

1<i1 << <n

n—3 n—3
= (k T3 lerrm ol + (i ?) Ol + ozl + lzal

n—3
+ (k _ 2>(||$1 + xo|| + ||z2 + z3|| + llz3 + zll)

and hence (*) implies that

n—3 n—3
0 (o3) b+ ane ol (3 27 )l + sl + fesl)

n—3
+ (k _ 2> (llz1 + z2l| + |22 + 23|l + ||lz3 + z1ll)

< (22l + ol + Rl + (2 ) o + 224 1
holds for any z;, 22,23 € X. Note that
(n—2 n—3 n—2 n—3 n—3
(:2)-(G25) - (=D -G = G22)
and so (**) implies that
21 + 22| + ll22 + 23l + lz3 + 21| < [lzall + llz2ll + lzsll + |21 + 22 + 23]
holds for any z1,z2,z3 € X. Therefore X is a Hlawka space. O
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